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Attempts to include uncorrected bias in the measurement uncertainty
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Abstract

In ISOGuide it is strictly recommended to correct results for the recognised significant bias, but in special cases some analysts find out
practical to omit the correction and to enlarge the expanded uncertainty for the uncorrected bias instead. In this paper, four alternatively used
methods computing these modified expanded uncertainties are compared according to the levels of confidence, widths and layouts of the
obtained uncertainty intervals. The method, which seems to be the best, because it provides the same uncertainty intervals as in the case of the
bias correction, has not been applied very much, maybe since these modified uncertainty intervals are not symmetric about the results. The
three remaining investigated methods maintain their intervals symmetric, but only two of them provide intervals of the kind, that their levels
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f confidence reach at least the required value (95%) or a larger one. The third method defines intervals with low levels of confid
or small biases). It is proposed a new method, which gives symmetric intervals just with the required level of confidence. Thes
re narrower than those symmetric intervals with the sufficient level of confidence obtained by the two mentioned methods. A ma
ackground of the problem and an illustrative example of calculations applying all compared methods are attached.
2004 Elsevier B.V. All rights reserved.
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. Introduction

ISOGuide to the Expression of Uncertainty in Measure-
ent(ISOGuide)[1] strongly recommends to correct results

or the recognised significant bias and not to take this bias
nto account by enlarging the uncertainty. In spite of this fact
n specific cases some authors[2–12] find reasonable not to
orrect individually each result for the bias but to include the
ias into the uncertainty assigned to all the results instead.
hillips and Eberhardt[5] compared two of these methods
ith their newly proposed method in 1997 and Maroto et al.

12] summarized four of these methods in 2002.
This paper mentions proceedings of the bias evaluation

nd summarizes some ways of the bias incorporation in the
verall combined uncertainty, which have been published. It

nvestigates four of these methods, compares them providing
hat the measurement results are normally distributed with

∗ Tel.: +420 475 284151; fax: +420 475 284185.
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a constant or relative systematic error and proposes a
method. At the end of this paper a mathematical backgr
of the problem and illustrative practical examples of app
tions of the investigated methods are appended.

2. Estimation of bias and calculation of uncertainty

Systematic error, often termed bias, affects the mea
ment results in repeated observations always in the sam
hence it does not bring about the result variability. In spit
it, this type of errors also contributes to the result uncerta
because the correction of a result for its systematic err
known with some uncertainty, which should be incorpor
into the combined uncertainty of the result. The system
error of an analytical procedure is estimated in a valida
process, when the trueness is assessed as described inQuan-
tifying Uncertainty in Analytical Measurements[13] and in a
rank of papers, e.g.[6,9–11,14,15]. The overall value of t
systematic error can be evaluated by replicate analysis
039-9140/$ – see front matter © 2004 Elsevier B.V. All rights reserved.
oi:10.1016/j.talanta.2004.07.038
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relevant CRM or spiked samples or by replicate analysis of
a suitable sample performed with the tested method and a
standard method.

When the systematic error is supposed to have a constant
absolute value1, the estimate of its value,b, is calculated by
using the mean of the results obtained with the tested method,
x̄r, and the reference value,xref:

b = x̄r − xref (1)

Provided that a CRM was used in the bias estimation, the bias
uncertainty,u(b), can be calculated:

u(b) =
[
s2
r

p
+ u2(xref)

]1/2

(2)

whereu2(xref) is the standard uncertainty in the certified value
of the CRM andsr is the sample standard deviation of thep
replicate results of the CRM analysis. (Some ways of the
bias uncertainty estimation by using spiked samples or stan-
dard analytical methods are given e.g. in[10,11,13–15].) The
found biasb is tested for its significance;b is not significant
when:

|b| ≤ ku(b) (3)

wherek is usually a value of the coverage factor (seeEq. (9))
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xc = x

R
(7)

wherexc denotes the measurement results after the correc-
tion. The standard uncertainty ofb or R is then included in
the evaluation of the combined standard uncertainty,uc, of
the corrected result. WhenEq. (6)is applied for the correc-
tion,u(b) is combined with the other uncertainty components,
u(x1), u(x2). . ., in this way:

uc = [u2(b) + u2(x1) + u2(x2) + · · ·]1/2
(8)

In Eq. (8)there should be at least one uncertainty component
besidesu(b); it is a standard deviation estimating intermediate
precision for the routine samples2.

In the case of a relative systematic error the relative un-
certainties are used inEq. (8). (The calculations of combined
uncertainties are explained in detail e.g. in[1,13].) Provided
that the value of a significant correction itself or the value of
its uncertainty is negligible with respect to the overall com-
bined standard uncertainty, they may be ignored[1]. When
the systematic error is not statistically significant, usually no
correction is applied, but the uncertainty of its evaluation,
u(b) or u(R), is again included into the overall combined un-
certainty in the measurement, since the insignificancy is also
k sig-
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f the number of effective degrees of freedom is high eno
8,9,11,15]. In some works[6,7,10,12–14]it is more precisel
equired to replacek by the two-tailed value from Studen
istribution for the effective degrees of freedom assoc

o u(b) at a given level of confidence.
When the systematic error is assumed to be relative

overy,R, is calculated:

= xr

xref
(4)

nd its difference from 1 is tested on significance:

R − 1| ≤ ku(R) (5)

hereu(R) is the uncertainty ofR, which can be estimat
y analogy withEq. (2), (see e.g.[6,10,11,14,15]).

When the systematic error is statistically significan
esults,x, measured on routine samples should be corre
y using the determined valueb or R (before the analys
hould have tried to revise the analytical procedure in o
o eliminate the significant error):

c = x − b (6)

1 Note1: In literature there are two types of systematic errors us
istinguished: constant and proportional[14,15]. Both of them are suppos

o be constant in a concentration range – the former expressed in an a
alue and the latter expressed in a relative value. (There are also sys
rrors, which cannot be thought constant in both absolute and relative v
.g. errors arising from gradually changing temperature[13].) These types o
rrors are termed also additive and multiplicative[2] or constant absolute a
onstant relative[9] or even translational and rotational systematic erro
nown with this uncertainty. So that in the case of both
ificant and insignificant biases the combined standard
ertaintyuc of the measurement is calculated in the s
ay.
After the evaluation ofuc the expanded uncertainty,U, can

e computed:

= kuc (9)

herek is a coverage factor. When the probability distri
ion of measurement results is approximately normal w
tandard deviation equal touc and the number of effectiv
egrees of freedom foruc is of a significant size, a covera

actor ofk= 2 (k= 3) produces an uncertainty interval hav
level of confidence of approximately 95% (99%)[1].

. Are there any sensible reasons to enlarge the
ncertainty intervals instead of the correction?

As was stated in the introduction, in specific cases s
nalysts do not follow the recommendation of ISOGuide

1] and do not correct each individual result for the rec
ised significant bias, but instead they modify the expa
ncertainty for this bias. It might seem to be paradoxic
stimate the bias of a measurement first and not to use
orrection in the end. The papers dealing with this prob

2 Note2: Before this calculation some authors[7,10] require the bia
ncertainty to be modified:u(b)t/k, wheret is the appropriate value fro
tudent’s distribution andk is fromEq. (9).
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which have been published[2–12], prove that such proceed-
ing seems many analysts to be sensible.

Philips and Eberhardt[5] stress that “paper and pencil”
corrections to each measurement value can be time consum-
ing, particularly under high measurement throughput situa-
tions, so that it may be more economically reasonable to sim-
ply account for the bias by enlarging the uncertainty value that
is attached to every measurement result. Ellison[7], Kurfürst
[8], and Ḧasselbarth[9] give some reasons for involving un-
corrected bias in uncertainty. The author’s experience, which
was gained from evaluation of analytical results personally
measured on biological, environmental and food samples for
many years, makes the author emphasise mainly these of
them: There are situations when the bias is statistically sig-
nificant and its size is small in comparison with the overall
expanded uncertaintyU but not entirely negligible. So the
analyst supposes the correction of each result to be rather
impractical but he does not want to omit it completely. An-
other and very important reason is that the systematic error
of an analytical method is frequently determined using a sin-
gle RM. The correction value determined corresponds to the
interferences arising from its matrix and at the given level of
the analyte. Consequently, the analyst is not sure of the cor-
rection value in the case of unknown samples that are to be
analysed, which are marked with a wider range of the analyte
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The first method enlarges the uncertainty interval by
adding the absolute value of the correction to the expanded
uncertainty. Then the modified uncertainty,U(bias)3, is:

U(bias)= U + |b| (10)

This oldest method was published by Taylor[2] and Grabe
[3]. However, they applied the standard deviation of the mean
x̄ instead of the overall combined uncertainty and the corre-
sponding value of the Student’s distribution as a value ofk. In
addition Grabe did not work with an estimation of the correc-
tion b, but instead he uses the half-width of the rectangular
distribution (symmetric to zero) of possible values of the bias.
This 1st method was also mentioned in ISOGuide[1] and in
other articles[6,8,12].

The second approach[5,9,12] (denoted by RSSu) com-
bines the systematic error correction as a standard uncertainty
with the other but genuine uncertainty components; it adds
the square bias in the usual root-sum-of-squares:

U(RSSu)= k(uc
2 + b2)

1/2
(11)

The third method (denoted by RSSU)[5,7,10–12]com-
bined the square bias with square expanded uncertainty:

U(RSSU) = (U2 + b2)
1/2

(12)
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evels and variability of their matrix compositions. (The m
rix compositions of the CRM and the real samples are m
ot totally identical; often they are only similar.) More prec
tudies of the bias value and its uncertainty would dem
dditional investigations by using other reference mate
r spiked samples. Frequently this requirement cannot b
l because of lack of trustworthy reference materials and
ecause of some insufficiencies of spiking studies (e.g.
ive information only on relative systematic errors) or
ause of want of time. In this situation, when the analy
ot sure that the correction does increase the trueness

he results measured, he rather decides to enlarge the
on uncertainty interval for the unsure bias than to co

ndividually each result for it. (Owing to type II errors in te
ng the bias for significance, Maroto et al.[12] recommend
lso the inclusion of an insignificant bias into the expan
ncertainty when itsu(b) is larger than 30% ofuc.)

. Methods incorporating uncorrected bias into the
xpanded uncertainty

There are more methods incorporating the correctio
ystematic effects into the uncertainty interval, but no on
erfect. Their defects are e.g. that the levels of confid
ssociated with such enlarged uncertainty intervals are
uently confused and these intervals are uselessly too
ince their extensions do not bring about a substantial e
ion of the level of confidence (the intervals asymmetric
xpand mainly into one of the tails of the result probab
istribution).
-

his method represents an enlargement of the bias uncer
(b) to a value, with which the determined bias have t

ound out insignificant by thet-test (seeEq. (3)) and du
o the bias correction is not necessary. In modifiedEq. (12)

(RSSU) = 2(uc
2 + b/22)

1/2
the termb/2 can represent

udgement estimate of the uncertainty component from
atrix variability and then this approach is very simila

he one mentioned in note 4.
The fourth method (proposed by Phillips and Eberhard[5]

nd termed SUMUis based on the principle that the bou
f the normal expanded uncertainty associated with an u
ected result are corrected for the bias instead of this re
n this way, a new right (upper) and left (lower) uncerta
ides, denoted byU+ andU−, result:

+ = U − b and U− = U + b (13)

hen the uncorrected result is not in the middle of this
ertainty interval. If|b| > U, the lowest applied value ofU+
r U− is zero (i.e. negative values are replaced by zero
eans that when|b| ≤U, these intervals are equivalent to

ntervals defined by the normal expanded uncertainty a
he corrected results. These intervals are asymmetric
he uncorrected results but symmetric about the correcte
ults, which of course are not calculated.

Another method, published by Eckschlager et al.[4], cal-
ulates the expanded uncertainty modified for bias as a
dence interval with a strictly known level of confiden

3 Note3: The designations of the given methods are taken from p
5,12]. They seem to be rather confusing. Consequently in this pap
ethods are also denoted with their sequence numbers.
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The method considers the confidence level with respect to
the mean of the uncorrected result distribution. This attitude
is different from the one given in the papers by Phillips and
Eberhardt[5] and Maroto et al.[12] and also in this paper,
where the confidence level is studied with respect to the mean
of the corrected result distribution – this mean is supposed to
be the true value (see below). Because of this different atti-
tude this method is not compared with others. (The question,
which attitude is better, can be under discussion.) The uncer-
tainty interval obtained with this method is expressed by using
the non-centralt-distribution,t(v, α, δ), and the standard de-
viation of the mean,sx̄, (combined standard uncertainty was
not used):

U+ = sx̄t(v, α, δ) and U− = −2δ − sx̄t(v, α, δ) (14)

these equations are valid for positive values ofδ, which de-
notes the true value of the bias (δis supposed to be deter-
mined without any uncertainty). The values of the non-central
t-distribution can be computed for given values ofδ, v (de-
grees of freedom) andα (level of significance) according to
the equations given in[4,16] (The both published equations
differ; the correct equation seems to be only the one in[16].)
This uncertainty interval is again asymmetric about the un-
corrected result but symmetric about the corrected result.4

When the expanded uncertainty modified for the uncor-
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Fig. 1. Coverage probabilities of the uncertainty intervals vs. the bias nor-
malized byuc: 1 – the first [U(bias)] method; 2 – the second [RSSu] method;
3 – the third [RSSU] method; 4, 5,C– common line for the fourth [SUMU],
fifth [U e(95%)] method andU about corrected results;N–U about uncor-
rected results.

above-mentioned defects: levels of confidence (coverage
probabilities) and the widths of the uncertainty intervals de-
fined by them[5]. These comparisons are shown inFig. 1
andFig. 3. They involved the four mentioned methods and
the cases when no bias correction and no modification of the
uncertainty for the bias are performed (i.e. intervals defined
by the normal expanded uncertainty about uncorrected bi-
ased results). These methods are compared with respect to
the intervals defined by the normal expanded uncertainties
(a coverage factor of 2 – exactly 1.96) about the corrected
results. In the appendix of this paper, it is explained that
these comparisons can be expressed generally with the only
normalized parameterb/uc. The range ofb/uc is considered
from 0 to 2. Larger values are not studied since the author
assumes, that in cases of so large biases the results should be
either inescapably corrected (when the bias is supposed basi-
cally invariable) or maybe treated by the worst-case method
(when the bias is supposed variable in wide limits). These
comparisons assume, that the distribution of measurement
results after the correction forb is normal with a mean equal
to the unknowable true value,µ, of the measured quantity
and with a standard deviation equal to the overall combined
uncertaintyuc.

In Fig. 1, it can be seen relationships between the coverage
probability and the parameterb/uc for the uncertainty inter-
v actor
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t SU)
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v nce
ected bias by one from the four given method is compu
he bias uncertaintyu(b) is again included into the over
ombined uncertainty (seeEq. (8)) [5,7,10–12]. It means
hat in Eqs. (10)–(13)the b functions replace only the u
erformed corrections of results (they do not replace
orrection uncertaintyu(b), though b has been tested for
ignificance by usingu(b) in Eq. (3)). However, Ḧasselbart
9] maintains an opposite attitude in his computation [se
ethod –U(RSSu)]. Also in works[2,4] the bias uncertaint

s not considered, but because combined uncertainty wa
et applied in chemometrics in that time. If a constant rela
ystematic error is supposed,Eqs. (10)–(13)are to be take
ith relative uncertainties and with (1−1/R) instead ofb (if
≈ 1 then 1−1/R≈ R−1).

. Comparison of the methods

The methods incorporating the uncorrected bias into
xpanded uncertainty can be compared according to

4 Note 4: There is another method of incorporating the bias into
ncertainty instead of a correction for it but the author takes it to be bas
ifferent from the previous methods and hence he did not involve it in
ummary. In contrast to those previous methods the bias is not as
onstant for a group of samples, but according to the matrix effects
easured samples it is assumed to vary from zero to a maximum
hich corresponds to the worst-case from possible matrix effects[10,13].
he bias evaluated on a worst-case sample is supposed to be the ext

he probability distribution (it is supposed rectangular or triangular) o
ossible bias values. This method treats systematic errors, constant o

ndividual samples, like randomly variable errors.
f

als of the given methods. In the case of the coverage f
qual to 2, the level of confidence (coverage probability

he uncertainty intervals defined by the normal expande
ertainties (U–Eq. (9)) about corrected results (xc–Eq. (6)) is
onstantly 95%. The same level is valid also for the inter
iven by the fourth (SUMU) method while the levels for

ntervals defined by the first [U(bias)] and second [U(RS
re higher than 95%. For the first method the level is hi

han 95% from very low values ofb/uc; for b/uc larger than
pproximately 0.7 the level reaches a maximum of 97.5%

hen it does not change any more. For the second metho
evel is close to 95% at first, but whenb/uc exceeds a valu
f about 1.4, the level of confidence oversteps the leve

he first method. The level of confidence for the third (RS
ethod is lower than 95%, especially whenb/uc exceeds

alue of about 0.5. Of course, the lowest level of confide
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Fig. 2. Relationships between the layouts of the uncertainty intervals and
the bias normalized byuc; the values on they-axis are centralized byµ and
divided by 2U. The area delimitated by the bounds of an interval investi-
gated on the probability distribution of corrected results with meanµ (the
density function of this distribution is plotted along they-axis) illustrates
the probability that this interval contentsµ. The plotted lines represent:µ –
mean of the probability distribution of the corrected results (zero line);b−
functionµ + b, about which the modified expanded uncertainties are plotted
(after the centralization it equalsb); 1 – upper bounds of the first [U(bias)]
method; 1, 4,C– common lower bounds of the first [U(bias)] and the fourth
method [SUMU] andU about corrected results, 2 – bounds of the second
[RSSu] method; 3 – bounds of the third [RSSU] method; 4,C – common
upper bounds of the fourth [SUMU] method andU about corrected results, 5
– bounds of the fifth [Ue(95%)] method;N– bounds ofU about uncorrected
results.

is obtained for the intervals defined by the normal expanded
uncertainties about uncorrected results. When the methods
are compared from this point of view, it should be stressed,
that the level of confidence associated with the interval de-
fined by the normal expanded uncertainty is usually rather
uncertain and also that in most practical situations it does not
make sense to try to distinguish between an interval having a
level of confidence of 95% and either a 94% or 96% interval
(see ISOGuide[1]).

In Fig. 2it can be seen how the uncertainty intervals stud-
ied are spread about the meansµ (i.e. true values) of the
probability distributions of corrected results and what parts
of these distributions they cover5. These distributions are rep-
resented by the common standardised normal distribution,
whose density function is plotted along they-axis. The quan-
tities plotted along they-axis are centralized by subtraction
of the meansµ, hence the zero line representsµ. Their values
are expressed in comparison with the widths of the normal
uncertainty intervals, i.e. divided by 2U(2U is thought to be
a reference value). The line denoted byb represents values
of µ + b (after the centralization only values ofb are plot-
ted). This plot shows the cases of positive values of the bi-
ases (in the cases of negative values a mirror picture would be

5 alues
( (
x to
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o h
i

drawn). The functionµ + bexpresses the means of the uncor-
rected result distributions (seeAppendix A– Mathematical
background), about which the lower and upper bounds of the
compared intervals are plotted, when the correction is omit-
ted (seeEqs. (27) and (28): upper bounds (b+ Ue+)/2U and
lower bounds (b−Ue−)/2U). These bounds delimitate areas
from the whole unit area under the drawn density distribu-
tion function; these areas indicate the coverage probabilities
of the uncertainty intervals displayed inFig. 1).

The intervals for the fourth method (SUMU) are identi-
cal with the normal uncertainty intervals of corrected results,
which are defined byU about the lineµ (zero line) – see
Eqs. (26) and (30). These intervals are symmetric aboutµ

and hence asymmetric aboutµ + b. As the value ofb/uc
increases, the left sides of these intervals expand and cover
always an increasing part of the corrected result distribution,
while the right sides decrease untilb/uc equals 2 (exactly
1.96), when the right side disappeared and the interval lies
only underb. The intervals for other methods are symmetric
aboutb, but their coverage probabilities are spread asymmet-
rically aboutb. When the values ofb/uc increase the common
middle (line b) of these intervals deviate fromµ and conse-
quently the intervals expand mainly into the right (upper)
tail of the probability distribution, so their expansions are
not connected with considerable enlargements of the cover-
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o .
H oes
d
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(
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Note5: The uncertainty intervals are spread about measured v
xi) and the content with a high probability (e.g. 95%) the true valuesµ):

i−Ue− ≤ µ ≤ x + Ue+ (seeAppendix A). However, the figures used
llustrate this problem and to show the layouts of these intervals expre
pposite case (see e.g.[18]), i.e.µ−U≤ x≤ µ +U. The probabilities of bot

nequalities are identical (seeAppendix A– Mathematical background).
ge probability. In the cases of the entirely omitted cor
ion, the intervals (b± U) shift very quickly from the centr
f the probability distribution as the values ofb/uc increase
ence whenb/uc approaches 2, the coverage probability g
own 50%.

In Fig. 3 the total widths of the intervals are display
expressed again in comparison with 2U). For a range ofb/uc
rom 0 to 1.4 the widest intervals are obtained by the
ethod [U(bias)], for larger values by the second me

RSSu]. Whenb/uc oversteps 2, the intervals given by the
er method become considerably wider (it is not illustrat
he intervals of the third method [RSSU] are fairly narro
wing to their low values of the coverage probability. T

ntervals for the fourth method [SUMU], as they are ide
al with the normal uncertainty intervals, are narrowest
ave the invariable width equal to 1 (expressed relative

ig. 3. Widths of the uncertainty intervals normalized by 2U vs. the bia
ormalized byuc: 1 – the first [U(bias)] method; 2 – the second [RS
ethod; 3 – the third [RSSU] method; 4,C,N – common line for the fourt

SUMU] method,U about corrected results andU about uncorrected resul
– the fifth [Ue(95%)] method.
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Table 1

b/uc E b/uc E

0.1 0.098 1.1 0.714
0.2 0.193 1.2 0.738
0.3 0.284 1.3 0.758
0.4 0.368 1.4 0.775
0.5 0.443 1.5 0.790
0.6 0.509 1.6 0.803
0.7 0.566 1.7 0.815
0.8 0.613 1.8 0.825
0.9 0.653 1.9 0.834
1.0 0.686 2.0 0.842

Relationship between the coefficientE enlarging expanded uncertainty for
the bias, and the values ofb/uc; the modified expanded uncertainty defined
by the fifth method:Ue(95%) = 1.96uc + E |b| about uncorrected results
provides uncertainty intervals with a coverage probability of 95%.

2U), as well as the intervals defined byU about uncorrected
results of course (entirely omitted correction).

6. Proposal of a new method

A new (fifth) method can be proposed, which defines un-
certainty intervals enlarged for the bias, symmetric about the
measured uncorrected results and having just 95% level of
confidence with respect to the mean of the corrected result
distribution. For given values ofb anduc the expanded un-
certainty defined by this method,Ue(95%), can be expressed
like this:

Ue(95%)= U + E|b| = kuc + E|b| (15)

where the coefficientEdepends onb/uc and the level of con-
fidence (for the 95% level of confidence seeTable 1). The
forms of this mathematical expression can be different but
with the same widths and layouts of these intervals. The au-
thor chose the form ofEq. (15), whereUe(95%) is calculated
as a function ofb, because it expresses the causality. This
method need not be regarded as a new method, but only as
an optimum when the 95% coverage probability is taken as
the optimality criterion for the uncertainty intervals enlarged
for the uncorrected bias and symmetric about uncorrected
r
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c
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q

The layouts of these uncertainty intervals and their total
widths change withb/uc as displayed inFigs. 2 and 3. It can
be seen that these intervals are always narrower than the ones
given by the first [U(bias)] and second [RSSu] methods. How-
ever, for values ofb/uc lower then 0.5 the intervals obtained
by the fifth and second methods are practically identical. For
values ofb/uc large than 0.8 the differences of the widths of
the first and fifth method intervals are about (1.96–1.65)uc
and so the larger values ofb/uc are, the smaller are the rela-
tive differences of these widths. (Whenb/uc equals 0.8 and
2, the relative difference is 12.9 and 8.6%, respectively – the
uncertainty of the fifth method taken as 100%.)

7. Conclusions

The method modifying expanded uncertainties for uncor-
rected bias, which provides narrowest uncertainty intervals
with 95% levels of confidence, is the fourth (SUMU) method,
so that it is the best, as Phillips and Eberhardt[5] have al-
ready stated. Maybe because these uncertainty intervals are
asymmetric, it has not been often applied in evaluating un-
certainties of analytical results. From the methods compared,
the first and second [U(bias) and RSSu] methods give widest
intervals with 95% and higher levels of confidence. These
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ntervals between them would encompass 95% of all pos
alues. Hence, the left sides of these intervals must co
f the correction for the bias (b) and the 95% quantille o
orrected result distribution (i.e. 1.65uc):6

e(95%)= 1.65uc + |b| (16)

6 Note6. For similar reason the first [U(bias)] method defines interva
ith 97.5% coverage probabilities whenb/uc oversteps a value of 0.7 (97.5
uantille is 1.96uc), seeFig. 1.
wo methods should be applied in combination, the for
or values ofb/uc lower than 1.4, the latter for larger valu
he third (RSSU) method is suitable only for very low val
fb/uc, otherwise provides intervals with levels of confide
onsiderably less than 95%. The combination of RSSuand
(bias) methods can be supplied by the fifth, newly prop
ethod [Ue(95%)], which seems to be better than the g

ombination, especially for values ofb/uc from 1 to 2.
The results uncorrected for a significant bias are bi

oint estimates. However, the interval estimates defined
hese points by an uncertainty modified for the uncorre
ias can cover the true estimated values with a sufficie
igh probability. This probability can be evaluated by us

he values ofb anduc or the interval can be constructed
rder that its coverage probability would be just 95%. T
roblem of coverage probability continues when an un
ected result with such a modified uncertainty is use
omputation of a follow-up result and its combined un
ainty. The value of the standard uncertainty, which wo
e recovered from an uncertainty enlarged for bias by d

ng this uncertainty with the coverage factor (u= Ue/k), is
ot an appropriate estimate of the standard deviation o
istribution of the uncorrected result. The follow-up re
btained will be biased and its uncertainty interval defi
y the expanded uncertainty computed by using the u
pproach (combining that problematic standard uncert
ith other uncertainty contributions as a square root o
um of variances) will have a questionable value of cove
robability again. In order that an uncertainty interval w
determinable coverage probability could be obtained

riginal standard uncertainty [u(b)] and the bias (b) wo
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have to be used again. This proceeding would be sensible if
the obtained uncertainty interval were associated with a large
group of results.

There is a question whether these uncorrected results are
traceable. Traceability can be established e.g. by the proce-
dures mentioned in the chapter dealing with the estimation
of bias, by using CRM, by spiking a sample or by using an
accepted, closely defined procedure. I think that if a corrected
result is traceable to a particular reference with an unbroken
chain of comparisons also the corresponding uncorrected re-
sult with its uncertainty interval enlarged for the correction
is. However, the links in the chain are less close since this
uncertainty is larger. The traceability allows the results to be
compared one with other or one with standard values (val-
ues stated without any uncertainty). The second comparison
means to find out whether the uncertainty interval contents the
standard value (analogy with the one samplet-test). It would
be without any problem in the cases of these enlarged uncer-
tainty intervals. But the comparison of two results would be
more difficult (it is analogous with thet-test comparing two
samples). It would be necessary again to return to the origin
standard uncertainty and bias.

Appendix A. Mathematical background
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estimated using the square uncertainty components given in
Eq. (8)but without the componentu2(b) (this component will
join after the result correction for the systematic error – see
below):

s2 = u2(x1) + u2(x2) + · · · (19)

A correction for the systematic error is performed according
to Eq. (6)employing a determined value ofb (seeEq. (1)).
This value can be just thejth measured value,bj, randomly
taken from a distribution of all possibly determinable values
of b (N[δ, u2(b)]):

bj = δ + ηj (20)

whereηj is the jth value of the random error,η, of the bias
determination; the distribution ofη isN[0,u2(b)].

The corrected result,xcij, is obtained from valuesxi and
bj according toEq. (6):

xcij = xi − bj (21)

which can be modified usingEqs. (18) and (20)into this form:

xcij = µ + δ + εi − δ − ηj = µ + εi − ηj (22)

Because the errorsεi andηj are from the distributionsN[0,
s2] andN[0, u2(b)], their difference (εi−ηj) is from the dis-
tribution N[0, u 2], (u seeEq. (8)). It can be seen that the
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The graphs plotted inFigs. 1–3express function relation
rom the fractionb/uc to the coverage probabilities, layo
nd widths, respectively, of the uncertainty intervals inve
ated. These relations were obtained provided that both
ured quantityx and biasb have normal distributions. The
an be expressed generally, since each normal distrib
nd also the normal distribution of the quantityxc (corrected
esult) with a population meanµ (expectation) and varian
c
2 (this distribution is denoted byN[µ, uc

2]), can be modi
ed to the common standard normal distribution with a z
ean and a unit variance (N[0,1]). The standardizing e

ion is (see e.g.[17,18])

= xc − µ

uc
(17)

alues of the distribution function (cumulative) for a norm
istribution,F, can be obtained using the distribution funct

or the standardised normal distribution,Φ, which are given
n statistical tables (e.g. in[17]), sinceF(xc) = Φ(z) for a pair
f the corresponding values ofxc andz.

First it is necessary to create an error model of re
easured. The quantityx is measured on a routine sam
ith a constant systematic errorδ. The value of anith result
bserved,xi, is

i = µ + δ + εi (18)

hereµ is the mean of the distribution of the corrected res
the unknowable true value of the measurand of the sam
ndεi is the random error of theith observation, which i
aken from a distributionN[0, s2]. The variances2 can be
c c
istribution of the corrected results is normal with the m
and varianceuc

2 (N[µ, uc
2]). Since according toEqs. (21

nd (22)xi = xcij + bj = µ + bj + εi − ηj, the distribution o
he uncorrected resultsxi has a mean ofµ + bj and a varianc
f uc

2.
Now the measured quantity after the correction,xc, can be

tandardized (seeEqs. (17) and (22)); for the corrected res
cij it means:

ij = xcij − µ

uc
= εi − ηj

uc
(23)

sing the corrected resultxcij and the expanded uncertaintyU
Eq. (9)) one can define the normal uncertainty intervalxcij ±
, in whichµ lies with a probabilityp (coverage probability

= P{xcij − U ≤ µ ≤ xcij + U} (24)

he inequality in the brackets can be modified and this e
ion results:

= P

{−U

uc
≤ xcij − µ

uc
≤ U

uc

}
(25)

ince the distribution of the function (xc−µ)/uc is N[0, 1]
seeEq. (23)) andU/uc equalsk (seeEq. (9)), the probabilit
can be computed:

= Φ(k) − Φ(−k) (26)

Confidence interval is defined and explained in each ele
ary statistics and also in[1,18]).

Now the uncertainty intervals defined by uncorrected
ults and the expanded uncertainties modified for biase
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be investigated. Because the widths of the left and right sides
of these uncertainty intervals can be different, they are de-
noted byUe− andUe+ (generally for all the method investi-
gated). The coverage probabilityp that an uncertainty interval
modified for bias coversµ can be expressed:

p = P{xi − Ue− ≤ µ ≤ xi + Ue+} (27)

The inequality in the brackets can be successively modified
into this form: p = P{−bj/uc + Ue−/uc ≥ (xcij−µ)/uc ≥
−bj/uc−Ue+/uc}. After replacement of (xcij−µ)/uc by zij
and multiplication by –1 one can obtain:p=P{bj/uc−Ue−/uc
≤ −zij ≤ bj/uc + Ue+/uc}; the quantityz has distribution
N[0,1] that is symmetric about zero, so that−zhas the same
distribution, consequently:

p = P

{
bj

uc
− Ue−

uc
≤ zij ≤ bj

uc
+ Ue+

uc

}
(28)

The coverage probabilityp can be computed:

p = Φ

(
bj

uc
+ Ue+

uc

)
− Φ

(
bj

uc
− Ue−

uc

)
(29)

The general uncertaintiesUe+ andUe− in Eqs. (28) and
(29) can be replaced by the specific ones according to
(Eqs. (10)–(13)) and (Eq. (15)) for the methods compared
and byU in the case of the completely omitted correction
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Normal uncertainty about an uncorrected result:
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Fifth method: [Ue(95%)] :
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uc
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uc
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It can be seen that all the bounds obtained are functions only
of b/uc andk.

The graph of the coverage probabilities versusb/uc (Fig. 1)
was calculated using (Eq. (29)) and the specific bounds
given above. The graph of the dispositions of the studied
intervals (Fig. 2) was obtained usingEq. (28). They-axis
was centralized by the distribution meanµ and normal-
ized by 2U[upper bounds (b+ Ue+)/2U and lower bounds
(b−Ue−)/2U]. The widths of the studied uncertainty inter-
vals illustrated inFig. 3 equalUe− + Ue+. The values of
the coefficientE (Table 1) were computed numerically using
Eq. (29).

Appendix B. Illustrative application of the equations
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Eq. (28)) define the interval bounds in the standardized f
or positive values ofb the following bounds can be obtain
the sign is important for the first and fifth method):
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ourth method [SUMU]:

b

uc
− kuc + b

uc
and
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uc
+ kuc − b
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,

i.e. − k and k (30)
or the methods studied

Cadmium in drinking water samples was determine
0 runs during about 6 month using ET AAS method. C
race Elements in Water 1643d was tested with each

or AQC. The data obtained: certified content of Cd
he CRM xref = 6.47 ng ml−1 with expanded uncertain

ref = 0.37 ng ml−1, mean ofp = 10 determined result7

¯ = 6.154 ng ml−1 with sample standard deviationsr =
.221 ng ml−1 (sr is intermediate precision).

The calculated results:

Bias (Eq. (1))b = 6.154−6.47 =−0.316 ng ml−1; stan-
dard uncertainty of certified contentu(xref) = Uref/k =
0.37/2 = 0.185 ng ml−1; bias uncertainty (Eq. (2))u(b) =
(0.2212/10 + 0.1852)1/2 = 0.198 ng ml−1; overall combined
standard uncertainty (Eq. (8))uc = (0.1982 + 0.2212)1/2 =
0.297 ng ml−1; test forb significance (Eq. (2))|b| = 0.316
≤ k u(b) = 2 × 0.198 = 0.396. The bias is insignifica
hence it is not necessary to correct future measured r
for it. However,u(b) is larger than 30% ofuc and Maroto e
al. [12] recommends enlarging the expanded uncertain
this case. Due to the obtained results can be used in
trative computations of the expanded uncertainties enla
for the bias (k= 2):
Normal expanded uncertainty (Eq. (9)):U = 2·0.297 =
0.59 ng ml−1

7 Note7: The results were obtained by the author and his colleagu
he analytical laboratory of Regional Hygiene Station in Usti nad La
rom February to July 2000.
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The first method [U(bias)] (Eq. (10)):U(bias) = 0.594 +
0.316 = 0.91 ng ml−1

The second method [RSSu] (Eq. (11)):U(RSSu) = 2 ×
(0.2972 + 0.3162)1/2 = 0.87 ng ml−1

The third method [RSSU] (Eq. (12)):U(RSSU) = (0.5942

+ 0.3162)1/2 = 0.67 ng ml−1

The fourth method [SUMU] (Eq. (13)): U+ =
0.594−(−0.316) = 0.91 ng ml−1 and U− = 0.594 +
(−0.316) = 0.27 ng ml−1

The fifth method [Ue(95%)] (Eq. (15)):b/uc = 1.06;E ≈
0.70 (seeTable 1)
Ue(95%) = 0.594 + 0.70× 0.316 = 0.81 ng ml−1

Sinceb/uc > 0.8,Eq. (16)is also applicable:Ue(95%) = 1.65
× 0.297 + 0.316 = 0.81 ng ml−1

The characteristics of the above computed intervals can be
found inFigs. 1–3for b/uc = 1.06. Since the bias is negative,
the right image inFig. 2would be the mirror one.
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Karlovy, Prague, 1994, p. 167.
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