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Abstract

In ISO Guideit is strictly recommended to correct results for the recognised significant bias, but in special cases some analysts find out
practical to omit the correction and to enlarge the expanded uncertainty for the uncorrected bias instead. In this paper, four alternatively used
methods computing these modified expanded uncertainties are compared according to the levels of confidence, widths and layouts of the
obtained uncertainty intervals. The method, which seems to be the best, because it provides the same uncertainty intervals as in the case of thi
bias correction, has not been applied very much, maybe since these modified uncertainty intervals are not symmetric about the results. The
three remaining investigated methods maintain their intervals symmetric, but only two of them provide intervals of the kind, that their levels
of confidence reach at least the required value (95%) or a larger one. The third method defines intervals with low levels of confidence (even
for small biases). It is proposed a new method, which gives symmetric intervals just with the required level of confidence. These intervals
are narrower than those symmetric intervals with the sufficient level of confidence obtained by the two mentioned methods. A mathematical
background of the problem and an illustrative example of calculations applying all compared methods are attached.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction a constant or relative systematic error and proposes a hew
method. At the end of this paper a mathematical background
ISO Guide to the Expression of Uncertainty in Measure- of the problem and illustrative practical examples of applica-
ment(ISO Guide)[1] strongly recommends to correct results tions of the investigated methods are appended.
for the recognised significant bias and not to take this bias
into account by enlarging the uncertainty. In spite of this fact
in specific cases some auth¢2s-12]find reasonable notto 2. Estimation of bias and calculation of uncertainty
correct individually each result for the bias but to include the
bias into the Uncertainty aSSigned to all the results instead. Systematic error, often termed bias, affects the measure-
Phillips and Eberhard] compared two of these methods ment results in repeated observations always in the same way
with their newly proposed method in 1997 and Maroto et al. hence it does not bring about the result variability. In spite of
[12] summarized four of these methods in 2002. it, this type of errors also contributes to the result uncertainty,
This paper mentions proceedings of the bias evaluation hecause the correction of a result for its systematic error is
and summarizes some ways of the bias incorporation in theknown with some uncertainty, which should be incorporated
overall combined uncertainty, which have been published. It jnto the combined uncertainty of the result. The systematic
investigates four of these methods, compares them providingerror of an analytical procedure is estimated in a validation
that the measurement results are norma”y distributed with process, when the trueness is assessed as descr@adm
tifying Uncertainty in Analytical Measuremetrjfis3] and in a
* Tel.: +420 475 284151; fax: +420 475 284185. rank of papers, e.g[6,9—11,14,15]. The overall value of the
E-mail addresssynek@fzp.ujep.cz. systematic error can be evaluated by replicate analysis of a
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relevant CRM or spiked samples or by replicate analysis of or

a suitable sample performed with the tested method and a X

standard method. Ye="%p )
When the systematic error is supposed to have a constant

absolute valuk the estimate of its valud, is calculated by wherex; denotes the measurement results after the correc-

using the mean of the results obtained with the tested method ,t'r?n' Thle st.andafrdhuncert%l.nty dbfor R dls ;cjhen mclu_ded ]'cn
% and the reference valuger: the evaluation of the combined standard uncertaimtyp

the corrected result. Wheieq. (6)is applied for the correc-
b = Xr — Xref 1) tion,u(b) is combined with the other uncertainty components,

u(xy), u(x). . ., in this way:
Provided that a CRM was used in the bias estimation, the bias

uncertaintyu(b), can be calculated: ue = [2(b) + u?(x1) + u?(x2) + - 12

8
sr2 2 1/2 In Eq. (8)there should be at least one uncertainty component
u(b) = [; Tu (xfef)} 2 besidesi(b); itis a standard deviation estimating intermediate
precision for the routine sampfes
whereu?(xef) is the standard uncertainty in the certified value In the case of a relative systematic error the relative un-
of the CRM ands; is the sample standard deviation of fhe  certainties are used Eq. (8). (The calculations of combined
replicate results of the CRM analysis. (Some ways of the uncertainties are explained in detail e.g[il3].) Provided
bias uncertainty estimation by using spiked samples or stan-that the value of a significant correction itself or the value of
dard analytical methods are given e.g1i8,11,13—-15].) The  its uncertainty is negligible with respect to the overall com-
found biasb is tested for its significancéyis not significant bined standard uncertainty, they may be igndgdWhen
when: the systematic error is not statistically significant, usually no
correction is applied, but the uncertainty of its evaluation,
6] < ku(b) ®) u(b) or u(R), is again included into the overall combined un-

wherek is usually a value of the coverage factor (&eg (9)) certainty in the measurement, since the insignificancy is also

if the number of effective degrees of freedom is high enough known with this uncertainty. So that in the case of both sig-

[8,9,11,15]. In some worKs,7,10,12—14itis more precisely ~ nificant and insignificant biases the combined standard un-

required to replack by the two-tailed value from Student’s certaintyu; of the measurement is calculated in the same

distribution for the effective degrees of freedom associated Way- ] ]

to u(b) at a given level of confidence. After the evaluation ofic the expanded uncertainty, can
When the systematic error is assumed to be relative, re-P& computed:

covery,R, is calculated:

X
R = x—rf 4) wherek is a coverage factor. When the probability distribu-
_ e _ _ o tion of measurement results is approximately normal with a
and its difference from 1 is tested on significance: standard deviation equal e and the number of effective
degrees of freedom far; is of a significant size, a coverage
IR — 1] < ku(R) 5) J ° J J

factor ofk = 2 (k= 3) produces an uncertainty interval having

whereu(R) is the uncertainty dR, which can be estimated @ level of confidence of approximately 95% (99P&).
by analogy withEq. (2), (see e.d6,10,11,14,15]).

When the systematic error is statistically significant all
results x, measured on routine samples should be corrected3. Are there any sensible reasons to enlarge the
by using the determined valugor R (before the analyst ~ uncertainty intervals instead of the correction?
should have tried to revise the analytical procedure in order

to eliminate the significant error): As was stated in the introduction, in specific cases some
analysts do not follow the recommendation of 18Dide
Xe=x—2>b (6) [1] and do not correct each individual result for the recog-

nised significant bias, but instead they modify the expanded
E— uncertainty for this bias. It might seem to be paradoxical to
1 Note 1: In literature there are two types of systematic errors usually estimate the bias of a measurement first and not to use it for

distinguished: constant and proportiofia4, 15]. Both of them are supposed L . . .
to be constant in a concentration range — the former expressed in an absolut&orrecnon inthe end. The papers deallng with this prObIem’

value and the latter expressed in a relative value. (There are also systematic

errors, which cannot be thought constant in both absolute and relative values,

e.g. errors arising from gradually changing temperdtl®g) These types of 2 Note 2: Before this calculation some authdi&10] require the bias
errors are termed also additive and multiplicafR¥or constant absoluteand  uncertainty to be modifieda(b)t/k, wheret is the appropriate value from
constant relativgd] or even translational and rotational systematic errors.  Student’s distribution anklis from Eq. (9).
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which have been publishg@-12], prove that such proceed- The first method enlarges the uncertainty interval by
ing seems many analysts to be sensible. adding the absolute value of the correction to the expanded
Philips and Eberhard6] stress that “paper and pencil” uncertainty. Then the modified uncertaintypiasy, is:
corrections to each measurement value can be time consum- .
ing, particularly under high measurement throughput situa- U(bias)= U + |b| (10)
tions, so that it may be more economically reasonable to sim- This oldest method was published by Tayla} and Grabe
ply accountfor the bias by enlarging the uncertainty value that [3]. However, they applied the standard deviation of the mean
is attached to every measurement result. EIIig¢rKurfarst x instead of the overall combined uncertainty and the corre-
[8], and Hasselbartlf9] give some reasons for involving un-  sponding value of the Student’s distribution as a value tf
corrected bias in uncertainty. The author’s experience, which addition Grabe did not work with an estimation of the correc-
was gained from evaluation of analytical results personally tion b, but instead he uses the half-width of the rectangular
measured on biological, environmental and food samples for distribution (symmetric to zero) of possible values of the bias.
many years, makes the author emphasise mainly these ofThis 1st method was also mentioned in ISDide[1] and in
them: There are situations when the bias is statistically sig- other articleg6,8,12].
nificant and its size is small in comparison with the overall The second approadb,9,12] (denoted by RSSu) com-
expanded uncertainty but not entirely negligible. So the  bines the systematic error correction as a standard uncertainty
analyst supposes the correction of each result to be rathekyith the other but genuine uncertainty components; it adds
impractical but he does not want to omit it completely. An-  the square bias in the usual root-sum-of-squares:
other and very important reason is that the systematic error
of an analytical method is frequently determined using a sin- U(RSSu)= k(uc? + b?) (11)

gle RM. The correction value determined corresponds to the The third method (denoted by RSS[5)7,10—12]com-

interferences arising from its matrix and_ at the given level of bined the square bias with square expanded uncertainty:
the analyte. Consequently, the analyst is not sure of the cor-

rection value in the case of unknown samples that are to beU(RSSM — U2+ b2)1/2 (12)
analysed, which are marked with a wider range of the analyte
levels and variability of their matrix compositions. (The ma- This method represents an enlargement ofthe bias uncertainty
trix compositions of the CRM and the real samples are mostly U(b) to a value, with which the determined bias have to be
not totally identical; often they are only similar.) More precise found out insignificant by thé-test (seeEq. (3)) and due
studies of the bias value and its uncertainty would demand to the bias correction is not necessary. In modified (12)
additional investigations by using other reference materials U(RSSU) = 2(uc? + 17/22)1/2 the termb/2 can represent a
or spiked samples. Frequently this requirement cannot be ful-judgement estimate of the uncertainty component from the
fil because of lack of trustworthy reference materials and also matrix variability and then this approach is very similar to
because of some insufficiencies of spiking studies (e.g. theythe one mentioned in note 4.
give information only on relative systematic errors) or be-  The fourth method (proposed by Phillips and Eberhiaidt
cause of want of time. In this situation, when the analyst is and termed SUMUs based on the principle that the bounds
not sure that the correction does increase the trueness of albfthe normal expanded uncertainty associated with an uncor-
the results measured, he rather decides to enlarge the comrected result are corrected for the bias instead of this result.
mon uncertainty interval for the unsure bias than to correct In this way, a new right (upper) and left (lower) uncertainty
individually each result for it. (Owing to type Il errorsintest-  sides, denoted by, andU_, result:
ing the bias for significance, Maroto et fl2] recommend
also the inclusion of an insignificant bias into the expanded Up=U-b and U-=U+b (13)
uncertainty when itsi(b) is larger than 30% afc.) Then the uncorrected result is not in the middle of this un-
certainty interval. Ifib| > U, the lowest applied value &f .
or U_ is zero (i.e. negative values are replaced by zero). It
4. Methods incorporating uncorrected bias into the means that whefb| < U, these intervals are equivalent to the
expanded uncertainty intervals defined by the normal expanded uncertainty about
the corrected results. These intervals are asymmetric about
There are more methods incorporating the correction for the uncorrected results but symmetric about the corrected re-
systematic effects into the uncertainty interval, but no one is sylts, which of course are not calculated.
perfect. Their defects are e.g. that the levels of confidence  Another method, published by Eckschlager ef4il. cal-
associated with such enlarged uncertainty intervals are fre-culates the expanded uncertainty modified for bias as a con-

quently confused and these intervals are uselessly too widefidence interval with a strictly known level of confidence.
since their extensions do not bring about a substantial exten-

sion of the level of confidence (the intervals asymmetrlca”y 3 Note3: The designations of the given methods are taken from papers

expand mainly into one of the tails of the result probability (5 12]. They seem to be rather confusing. Consequently in this paper the
distribution). methods are also denoted with their sequence numbers.

1/2
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The method considers the confidence level with respect to 2

Z 11 s sbs
the mean of the uncorrected result distribution. This attitude S 09 [aasss—ccasaitiniic 2h
is different from the one given in the papers by Phillips and £ 0.8 -

Eberhard{5] and Maroto et al[12] and also in this paper, & 07+

where the confidence level is studied with respect to the mean ® 06 1

of the corrected result distribution — this mean is supposed to g 0,5 1 N
be the true value (see below). Because of this different atti- O 04 ‘ ' f '
tude this method is not compared with others. (The question, 0 05 ! biu 15 2

which attitude is better, can be under discussion.) The uncer-
tainty interval Obtal"ne'd W'th this method is expressed by using rig. 1. coverage probabilities of the uncertainty intervals vs. the bias nor-
the non-centrat-distribution,t(v, «, §), and the standard de-  malized byuc: 1 —the first [U(bias)] method; 2 —the second [RSSu] method;

viation of the meansy, (combined standard uncertainty was 3 -the third [RSSU] method; 4, &— common line for the fourth [SUMU],
not used): fifth [U.(95%)] method andJ about corrected result®—U about uncor-
rected results.

Uy =s3t(v,,8) and U_ = —28 — s3t(v, a, 8) (14)

these equations are valid for positive values oivhich de- above-mentioned defects: levels of confidence (coverage
notes the true value of the bias & supposed to be deter- Probabilities) and the widths of the uncertainty intervals de-
mined without any uncertainty). The values of the non-central fined by them[5]. These comparisons are shownhig. 1
t-distribution can be Computed for given valuessof/ (de- and Flg 3. They involved the four mentioned methods and
grees of freedom) and (level of significance) according to ~ the cases when no bias correction and no modification of the
the equations given if,16] (The both published equations ~uncertainty for the bias are performed (i.e. intervals defined
differ; the correct equation seems to be only the orfé6i.) by the normal expanded uncertainty about uncorrected bi-
This uncertainty interval is again asymmetric about the un- ased results). These methods are compared with respect to
corrected result but symmetric about the corrected résult.  the intervals defined by the normal expanded uncertainties
When the expanded uncertainty modified for the uncor- (& coverage factor of 2 —xactly 1.96) about the corrected
rected bias by one from the four given method is computed, results. In the appendix of this paper, it is explained that
the bias uncertainty(b) is again included into the overall these comparisons can be expressed generally with the only
combined uncertainty (se€qg. (8))[5,7,10-12]. It means,  nhormalized parametds/uc. The range ob/uc is considered
that in Egs. (10)—(13}he b functions replace only the un-  from 0 to 2. Larger values are not studied since the author
performed corrections of results (they do not replace this assumes, thatin cases of so large biases the results should be
correction uncertainty(b), though b has been tested for its €ither inescapably corrected (when the bias is supposed basi-
significance by using(b) in Eq. (3)). However, Bisselbarth  cally invariable) or maybe treated by the worst-case method
[9] maintains an opposite attitude in his computation [second (when the bias is supposed variable in wide limits). These
method -U(RSSu)]. Also in work§2,4] the bias uncertainty ~ comparisons assume, that the distribution of measurement
is not considered, but because combined uncertainty was nof€sults after the correction féris normal with a mean equal
yet applied in chemometrics in thattime. If a constant relative to the unknowable true valug,, of the measured quantity
systematic error is supposeglys. (10)—(13pre to be taken ~ and with a standard deviation equal to the overall combined

with relative uncertainties and with (1—1/R) insteadodff uncertaintyuc.
R~ 1then 1-1/Rv R—1). InFig. 1, it can be seen relationships between the coverage

probability and the parametbéfu; for the uncertainty inter-

vals of the given methods. In the case of the coverage factor
5. Comparison of the methods equal to 2, the level of confidence (coverage probability) for

the uncertainty intervals defined by the normal expanded un-

The methods incorporating the uncorrected bias into the certainties (U-Eqg. (9)) about corrected resultgHEq. (6)) is

expanded uncertainty can be Compared according to theirconstantly 95%. The same level is valid also for the intervals
given by the fourth (SUMU) method while the levels for the
o _ . . o intervals defined by the first [U(bias)] and second [U(RSSu)]
Note 4:' There is another .metho_d of incorporating thg bias |nto_ the are higher than 95%. For the first method the level is higher
u_ncertalntylnstead ofa_lcorrectlon foritbutthe author_takes_ltto be l:_)a_sma!ly than 95% from very low values dffu; for bt Iarger than
different from the previous methods and hence he did not involve it in this . ! .
summary. In contrast to those previous methods the bias is not assumedPProximately 0.7 the level reaches a maximum of 97.5% and
constant for a group of samples, but according to the matrix effects of the then it does not change any more. For the second method the
measured samples it is assumed to vary from zero to a maximum value, [eve| is close to 95% at first, but whédaiu. exceeds a value
which corresponds to the worst-case from possible matrix eff@6t43]. f about 1.4, the level of confidence oversteps the level for

The bias evaluated on a worst-case sample is supposed to be the extreme . . .
the probability distribution (it is supposed rectangular or triangular) of the C{ e firstmethod. The level of confidence for the third (RSSU)

possible bias values. This method treats systematic errors, constant only formethod is lower than 95%, especially whiefu. exceeds a
individual samples, like randomly variable errors. value of about 0.5. Of course, the lowest level of confidence
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Fig. 2. Relationships between the layouts of the uncertainty intervals and
the bias normalized by; the values on thg-axis are centralized hy and
divided by 2U. The area delimitated by the bounds of an interval investi-
gated on the probability distribution of corrected results with medthe
density function of this distribution is plotted along titeaxis) illustrates

the probability that this interval contents The plotted lines represent:—
mean of the probability distribution of the corrected results (zero line);
functionu + b, about which the modified expanded uncertainties are plotted
(after the centralization it equaly; 1 — upper bounds of the first [U(bias)]
method; 1, 4C — common lower bounds of the firdti{bias)] and the fourth
method [SUMU] andJ about corrected results, 2 — bounds of the second
[RSSu] method; 3 — bounds of the third [R$Smethod; 4,C — common
upper bounds of the fourth [SUM method andU about corrected results, 5

— bounds of the fifth [J(95%)] methodN — bounds ofJ about uncorrected
results.

833

drawn). The function + b expresses the means of the uncor-
rected result distributions (ségpendix A— Mathematical
background), about which the lower and upper bounds of the
compared intervals are plotted, when the correction is omit-
ted (seeEqgs. (27) and (28): upper bounds«J, )/2U and
lower bounds (b—LL)/2U). These bounds delimitate areas
from the whole unit area under the drawn density distribu-
tion function; these areas indicate the coverage probabilities
of the uncertainty intervals displayedHg. 1).

The intervals for the fourth method (SUMU) are identi-
cal with the normal uncertainty intervals of corrected results,
which are defined byJ about the linew (zero line) — see
Egs. (26) and (30). These intervals are symmetric ajpout
and hence asymmetric about+ b. As the value of/u;
increases, the left sides of these intervals expand and cover
always an increasing part of the corrected result distribution,
while the right sides decrease urilu; equals 2 (exactly
1.96), when the right side disappeared and the interval lies
only under. The intervals for other methods are symmetric
abouth, but their coverage probabilities are spread asymmet-
rically abouth. When the values df/u; increase the common
middle (line b) of these intervals deviate frgmand conse-
quently the intervals expand mainly into the right (upper)
tail of the probability distribution, so their expansions are
not connected with considerable enlargements of the cover-
age probability. In the cases of the entirely omitted correc-

is obtained for the intervals defined by the normal expanded tion, the intervals (at U) shift very quickly from the centre
uncertainties about uncorrected results. When the methodsof the probability distribution as the valueshfy increase.

are compared from this point of view, it should be stressed,
that the level of confidence associated with the interval de-
fined by the normal expanded uncertainty is usually rather

Hence whetb/u; approaches 2, the coverage probability goes
down 50%.
In Fig. 3 the total widths of the intervals are displayed

uncertain and also that in most practical situations it does not (expressed again in comparison with 2U). For a randeugf
make sense to try to distinguish between an interval having afrom 0 to 1.4 the widest intervals are obtained by the first

level of confidence of 95% and either a 94% or 96% interval
(see ISCGuide[1]).

In Fig. 2it can be seen how the uncertainty intervals stud-
ied are spread about the meangi.e. true values) of the
probability distributions of corrected results and what parts
of these distributions they coveiThese distributions are rep-

resented by the common standardised normal distribution,

whose density function is plotted along thexis. The quan-
tities plotted along thg-axis are centralized by subtraction
of the meang, hence the zero line representsTheir values
are expressed in comparison with the widths of the normal
uncertainty intervals, i.e. divided by 22U is thought to be

a reference value). The line denotedtbyepresents values
of u + b (after the centralization only values bfare plot-
ted). This plot shows the cases of positive values of the bi-

ases (in the cases of negative values a mirror picture would be

5 Note 5: The uncertainty intervals are spread about measured values

(%) and the content with a high probability (e.g. 95%) the true valps (
Xi—U._ < u < x+ U,., (seeAppendix A). However, the figures used to

method [U(bias)], for larger values by the second method
[RSSu]. Wherb/u; oversteps 2, the intervals given by the lat-
ter method become considerably wider (it is not illustrated).
The intervals of the third method [RSSU] are fairly narrower
owing to their low values of the coverage probability. The
intervals for the fourth method [SUMU], as they are identi-
cal with the normal uncertainty intervals, are narrowest and
have the invariable width equal to 1 (expressed relatively to

2,57

Fig. 3. Widths of the uncertainty intervals normalized hy 2s. the bias
normalized byuc: 1 — the first [U(bias)] method; 2 — the second [RSSu]

illustrate this problem and to show the layouts of these intervals express anmethod; 3 — the third [RSSU] method;@, N — common line for the fourth

opposite case (see e[#8]), i.e.u—U < x < u +U. The probabilities of both
inequalities are identical (ségpendix A— Mathematical background).

[SUMU] method U about corrected results abidabout uncorrected results,
5 — the fifth [U,(95%)] method.
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Table 1 The layouts of these uncertainty intervals and their total
bl E bluc E widths change withb/u; as displayed irfrigs. 2 and 3. It can

01 0.098 11 0714 b_e seen that _these inFervaIs are always narrower than the ones
0.2 0.193 1.2 0.738 given by thefirst[U(bias)] and second [RSSu] methods. How-
0.3 0.284 1.3 0.758 ever, for values ob/u. lower then 0.5 the intervals obtained

0.4 0.368 1.4 0.775 by the fifth and second methods are practically identical. For
0.5 0.443 15 0.790

values ofb/u. large than 0.8 the differences of the widths of

0.6 0.509 1.6 0.803 . ) )
07 0566 17 0.815 the first and fifth method intervals are about (1.96—-1.65)u
0.8 0.613 1.8 0.825 and so the larger values bfu; are, the smaller are the rela-
0.9 0.653 1.9 0.834 tive differences of these widths. (Whéru, equals 0.8 and

10 0.686 2.0 0.842 2, the relative difference is 12.9 and 8.6%, respectively — the

Relationship between the coefficidaenlarging expanded uncertainty for uncertainty of the fifth method taken as 100%.)
the bias, and the values bfu; the modified expanded uncertainty defined

by the fifth methodU,(95%) = 1.96u. + E |b| about uncorrected results
provides uncertainty intervals with a coverage probability of 95%.

7. Conclusions
2U), as well as the intervals defined byabout uncorrected

results of course (entirely omitted correction). The method modifying expanded uncertainties for uncor-

rected bias, which provides narrowest uncertainty intervals
with 95% levels of confidence, is the fourth (SUMU) method,
so that it is the best, as Phillips and Eberhd&dthave al-
ready stated. Maybe because these uncertainty intervals are
A new (fifth) method can be proposed, which defines un- asym_m_etric, it has not been often applied in evaluating un-
certainties of analytical results. From the methods compared,

certainty intervals enlarged for the bias, symmetric about the the first and second [U(bias) and RSSu] methods give widest
measured uncorrected results and having just 95% level of,

. . intervals with 95% and higher levels of confidence. These
confidence with respect to the mean of the corrected result S S
o . two methods should be applied in combination, the former
distribution. For given values df andu; the expanded un-

) . . for values ofb/u. lower than 1.4, the latter for larger values.
0 1
I(;If;t?rll:]sty defined by this method, (95%), can be expressed The third (RSSU) method is suitable only for very low values

of b/u, otherwise provides intervals with levels of confidence
Uo(95%) = U + E|b| = kuc + E|b| (15) considerably less than 95%. The combination of R&6d

U(bias) methods can be supplied by the fifth, newly proposed
where the coefficiert depends ob/u; and the level of con-  method [U(95%)], which seems to be better than the given
fidence (for the 95% level of confidence sEable 1). The combination, especially for values bfu from 1 to 2.
forms of this mathematical expression can be different but  The results uncorrected for a significant bias are biased
with the same widths and layouts of these intervals. The au-point estimates. However, the interval estimates defined about
thor chose the form diqg. (15), wheréJ,(95%) is calculated  these points by an uncertainty modified for the uncorrected
as a function ob, because it expresses the causality. This pias can cover the true estimated values with a sufficiently
method need not be regarded as a new method, but only asigh probability. This probability can be evaluated by using
an optimum when the 95% coverage probability is taken as the values ob anduc or the interval can be constructed in
the optimality criterion for the uncertainty intervals enlarged order that its coverage probability would be just 95%. This
for the uncorrected bias and symmetric about uncorrectedproblem of coverage probability continues when an uncor-
results. rected result with such a modified uncertainty is used in

For b/uc > 0.8 the right bounds of these intervals are so computation of a follow-up result and its combined uncer-

high that practically 100% of the values of the distributions tainty. The value of the standard uncertainty, which would
for corrected results are lower (sé&y. 2), so that the left  pe recovered from an uncertainty enlarged for bias by divid-
bounds must define only 5% of lowest values, in order thatthe ing this uncertainty with the coverage factor=uJ./k), is
intervals between them would encompass 95% of all possiblenot an appropriate estimate of the standard deviation of the
values. Hence, the left sides of these intervals must consistdistribution of the uncorrected result. The follow-up result
of the correction for the bias (b) and the 95% quantille of the obtained will be biased and its uncertainty interval defined
corrected result distribution (i.e. 1.65):° by the expanded uncertainty computed by using the usual

approach (combining that problematic standard uncertainty
Ue(95%)= 1.65u + |b| (16) with other uncertainty contributions as a square root of the
sum of variances) will have a questionable value of coverage

6 Note6. For similar reason the firstfbias)] method defines intervals probability again. In order that an uncertainty interval with

with 97.5% coverage probabilities whbhy, oversteps avalue of 0.7 (97.5% & determinable coverage probability could be obtained, the
quantille is 1.964.), seeFig. 1. original standard uncertainty [u(b)] and the bias (b) would

6. Proposal of a new method
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have to be used again. This proceeding would be sensible ifestimated using the square uncertainty components given in

the obtained uncertainty interval were associated with a large Eq. (8)but without the componemn€(b) (this component will

group of results. join after the result correction for the systematic error — see
There is a question whether these uncorrected results arédelow):

traceable. Traceability can be established e.g. by the proce- , 2 2

dures mentioned in the chapter dealing with the estimation®” = %~ (¥1) +u"(x2) + -+ (19)

of bias, by using CRM, by spiking a sample or by using an A correction for the systematic error is performed according
accepted, closely defined procedure. I think that if a correctedto Eq. (6) employing a determined value bf(seeEq. (1)).
result is traceable to a particular reference with an unbroken Thjs value can be just thjgh measured valudy;, randomly
chain of comparisons also the corresponding uncorrected retaken from a distribution of all possibly determinable values
sult with its uncertainty interval enlarged for the correction of b (N[s, u(b)]):

is. However, the links in the chain are less close since this

uncertainty is larger. The traceability allows the results to be bj=358+n, (20)
compared one with other or one with standard values (val- wherey ; is thejth value of the random erron, of the bias
ues stated without any uncertainty). The second comparisondetermi’nation; the distribution afis N[0, U3(b)].

means to find out whether the uncertainty interval contents the
standard value (analogy with the one sanigtest). It would b
be without any problem in the cases of these enlarged uncer-
tainty intervals. But the comparison of two results would be x.j = x; — b; (21)
more difficult (it is analogous with thietest comparing two . . . . )
samples). It would be necessary again to return to the originWhICh can be modified usiriggs. (18) and (2apto this form:
standard uncertainty and bias. Xej=pU+8+e—8—n=pn+e—n; (22)

The corrected resulk,;;, is obtained from values; and
; according taeq. (6):

Because the erroeg andn; are from the distributionsl[0,
Appendix A. Mathematical background °] and N[0, u(b)], their difference (¢-,) is from the dis-
tribution N[O, uc?], (uc seeEq. (8)). It can be seen that the
The graphs plotted iRigs. 1-3express function relations ~ distribution of the corrected results is normal with the mean

from the fractionb/u to the coverage probabilities, layouts # and varianceic” (N[, uc’]). Since according t&gs. (21)
and widths, respectively, of the uncertainty intervals investi- 8nd (22)%; = Xcij +bj = +bj +&; — 1, the distribution of
gated. These relations were obtained provided that both meath€ uncorrected resuitshas a mean qi +b; and a variance
sured quantiti and biash have normal distributions. They of uc?. ) )

can be expressed generally, since each normal distribution, NOW the measured quantity after the correctincan be
and also the normal distribution of the quantity(corrected ~ Standardized (segs. (17) and (22)); for the corrected result
result) with a population mean (expectation) and variance ~ Xcij It means:

uc? (this distribution is denoted by[., uc?]), can be modi- Xeij— 1 & — 1

fied to the common standard normal distribution with a zero %ij = = (23)

mean and a unit variance (N[0,1]). The standardizing equa- e e .
tion is (see e.g17,18]) Using the corrected resud;; and the expanded uncertaitity

(Eg. (9)) one can define the normal uncertainty intexygah-
g=2cH (17) U, in whichy lies with a probabilityp (coverage probability):
Uc

C . . = Plxcii—U <pu=<x¢i+U 24
Values of the distribution function (cumulative) for a normal breij = # = xeij +U) (24)

distribution,F, can be obtained using the distribution function The inequality in the brackets can be modified and this equa-

for the standardised normal distributiah, which are given tion results:

in statistical tables (e.g. 17]), sinceF(x;) = ®(z) for a pair U xej—pu U

of the corresponding values rf andz. p=P {— <——=5 —} (25)
First it is necessary to create an error model of results te te te

measured. The quantityis measured on a routine sample Since the distribution of the function ¢ u)/uc is N[O, 1]

with a constant systematic err&rThe value of arith result (seeEq. (23)) andJ/uc equalk (seeEq. (9)), the probability

observedy;, is p can be computed:

Xi=p+06+¢ (18) p = ®(k) — O(—k) (26)

wherey is the mean of the distribution of the corrected results (Confidence interval is defined and explained in each elemen-
(the unknowable true value of the measurand of the sample)tary statistics and also i1,18]).

ande; is the random error of thigh observation, which is Now the uncertainty intervals defined by uncorrected re-
taken from a distributioN[0, s?]. The variances® can be sults and the expanded uncertainties modified for biases can
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be investigated. Because the widths of the left and right sidesNormal uncertainty about an uncorrected result:

of these uncertainty intervals can be different, they are de-

noted byU,_ andU, .. (generally for all the method investi-
gated). The coverage probabilfighat an uncertainty interval
modified for bias coverg can be expressed:

p=Plxi—Ue— < <xi+ Uey} (27)

The inequality in the brackets can be successively modified e

into this form:p = P{—bj/uc + U,_/uc > (Xc;j—u)luc >
—b;/uc—U,/uc}. After replacement of ¢fj—u)/uc by z;
and multiplication by —1 one can obtapw P{b;/u.—U._/uc
< —zj; < bjluc + U.4/uc}; the quantityz has distribution
N[0,1] that is symmetric about zero, so that has the same
distribution, consequently:

b;i U,_ bi U
P=P{—"— — <zt i} (28)
Uc Uc Uc Uc
The coverage probability can be computed:
bij U bi U,
pz(p(_urﬁ)_q)(_f_ ) (29)
Uc Uc Uc Uc

The general uncertaintidd,, andU._ in Egs. (28) and
(29) can be replaced by the specific ones according to
(Egs. (10)—(13)) and (Eqg. (15)) for the methods compared
and byU in the case of the completely omitted correction
(intervalx; &= U). The left and right terms in the inequality
(Eq. (28)) define the interval bounds in the standardized form.
For positive values df the following bounds can be obtained
(the sign is important for the first and fifth method):

First method [U(bias)]:

b k b b k b

IR M and — + M,

Uc Uc Uc Uc

. 2b

i.e.—k and — +k

Uc

Second method [RSSu]:

b k(ue? + bA)Y? b k(ue? + bA)M?
b Kl + )b Kl )
Uc Uc Uc Uc

(]

Third method [RSSUJ:

b 2, 211/2 2, 121172
L (0 RN (TG
Uc Uc Uc Uc
1/2 271/2
. b\? b
e — — [kz + (—) :| and — + [kz + (—) ]
Uc Ue Uc Uc
Fourth method [SUMUJ:
ﬁ_kuc+b nd E kuc—b7
Uc Uc Uc Uc
i,e. —k and k (30)

b k b k b b
2 M and —-|-£, ——k and — +k
Uc Uc Uc Uc Uc Uc
Fifth method: [(}(95%)] :
b k Eb b k Eb
R L and — + L’
Uc Uc Uc

. b b
ie. —(1—E)—k and —(1+E)+k
Ue Uc

It can be seen that all the bounds obtained are functions only
of b/u; andk.

The graph ofthe coverage probabilities verstug (Fig. 1)
was calculated using (Eg. (29)) and the specific bounds
given above. The graph of the dispositions of the studied
intervals (Fig. 2) was obtained usirigg. (28). They-axis
was centralized by the distribution meanand normal-
ized by 2U[upper bounds (& U, )/2U and lower bounds
(b—U,_)/2U]. The widths of the studied uncertainty inter-
vals illustrated inFig. 3 equalUe_ + U.,. The values of
the coefficienk (Table 1) were computed numerically using
Eq. (29).

Appendix B. lllustrative application of the equations
for the methods studied

Cadmium in drinking water samples was determined in
10 runs during about 6 month using ET AAS method. CRM
Trace Elements in Water 1643d was tested with each run
for AQC. The data obtained: certified content of Cd in
the CRM xef = 6.47ngmt! with expanded uncertainty
Uret = 0.37ngmt!, mean ofp = 10 determined results
X = 6.154ngmt! with sample standard deviatiog =
0.221 ngmt? (s is intermediate precision).

The calculated results:

Bias (Eq. (1))b = 6.154—6.47 =—0.316 ngmt; stan-
dard uncertainty of certified content(Xe;) = Urei/k =
0.37/2 = 0.185 ng mi'; bias uncertainty (Eq. (2))(b) =
(0.22#/10 + 0.18%)1/2 = 0.198 ng mt1; overall combined
standard uncertainty (Eq. (8} = (0.198 + 0.22#)1/2 =
0.297 ngmt1; test forb significance (Eq. (2))b| = 0.316

< k u(b) =2 x 0.198 = 0.396. The bias is insignificant
hence it is not necessary to correct future measured results
for it. However,u(b) is larger than 30% af. and Maroto et

al. [12] recommends enlarging the expanded uncertainty in
this case. Due to the obtained results can be used in illus-
trative computations of the expanded uncertainties enlarged
for the bias (k= 2):

Normal expanded uncertainty (Eq. (9): = 2.0.297 =
0.59ng mtt

7 Note7: The results were obtained by the author and his colleagues in
the analytical laboratory of Regional Hygiene Station in Usti nad Labem
from February to July 2000.
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The first method [U(bias)] (Eq. (10)(bias) = 0.594 + [4] K. Eckschlager, |. Hosk, Z. Kodejs, Z. Ksandr, M. Matherny, |.
0.316 =0.91ng mit Obrusnik, S. Wicar, Applications of computers in analytical chem-
The second method [RSSLE(Q. (11)): U(RSSU) =2 x istry, in: G. Svehla (Ed.), Wilson and Wilson's Comprehensive An-
© 292 + 0 31@)1/2 - 0.87 ngmt1t alytical Chemistry, vol. 18, Elsevier, Amsterdam, 1983, p. 271.
) . ’ : 9 [5] S.D. Phillips, K.R. Eberhardt, J. Res. Natl. Inst. Technol. 102 (1997)
The third method [RSSUJHg. (12)):U(RSSU) = (0.594 577,
+ 0.31@)1/2 =0.67ng mt1 [6] R. Wood, Recovery, second Eurachem Workshop on Measurement
The fourth method [SUMU] Eq. (13)): U, = Uncertain_ty in Chemical Analysis, Berlin, 29-30 September 1997.
0594—(—0316) = 0.91 ng mﬂ_ and U_ = 0594 + [7] S.L.R. %”ISOH, Accred. Qual. Assur. 3 (1998) 95.
_ 1 [8] U. Kurfist, Accred. Qual. Assur. 3 (1998) 406.
(_0'3_16) =0.27ng mi [9] W. Hasselbarth, Accred. Qual. Assur. 3 (1998) 418.
The fifth method [U(95%)] (Eq. (15)):b/u; = 1.06;E ~ [10] V.J. Barwick, S.L.R. Ellison, Analyst 124 (1999) 981.
0.70 (se€Table 1) [11] V.J. Barwick, S.L.R. Ellison, Accred. Qual. Assur. 5 (2000) 47.
U.(95%) = 0.594 + 0.70< 0.316 = 0.81ng mit [12] A. Maroto, R. Bogé, J. Riu, F.X. Rius, Accred. Qual. Assur. 7
Sinceb/u; > 0.8,Eq. (16)is also applicablel, (95%) = 1.65 (003 %0. y
- i [13] L.R. Ellison, M. Résslein, A. Williams (Ed.), EURACHEM/CITAC
x 0.297+0.316 =0.81ngm Guide, Quantifying Uncertainty in Analytical Measurement, second
The characteristics of the above computed intervals can be__ €d- 2000. ] _ . .
L _ . L . [14] A. Maroto, R. Boge, J. Riu, F.X. Rius, Anal. Chim. Acta 440 (2001)
found inFigs. 1-3for b/u. = 1.06. Since the bias is negative, 171
the right image irFig. 2would be the mirror one. [15] A. Maroto, R. Bog@, J. Riu, F.X. Rius, Anal. Chim. Acta 446 (2001)
133.
[16] K. Eckschlager, Chemometrie 2,iRmovedeck fakulta Univerzity
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